HOPF PLUMBING, ARBORESCENT SEIFERT SURFACES, 
BASKETS, ESPALIERS, AND HOMOGENEOUS BRAIDS 

LEE RUDOLPH 

Abstract. Four constructions of Seifert surfaces — Hopf and arbores- 
cent plumbing, basketry, and T-bandword handle decomposition — are 
described, and some interrelationships expounded, e.g.: arborescent 
Seifert surfaces are baskets; Hopf-plumbed baskets are precisely homo- 
geneous T-bandword surfaces. 



1. Introduction; statement of results 

Let A(0,n) C S s denote an n-twisted unknotted annulus. A Seifert 
surface S is Hopf-plumbed (see §|3|) if S = D 2 or if S = Sq * a A(0, =Fl) can 
be constructed by plumbing a positive or negative Hopf annulus A(0,^1) 
to a Hopf-plumbed surface Sq along a proper arc a C Sq; a Hopf-plumbed 



surface is a fiber surface, [^2], [11], A Seifert surface 5 is a basket (see §4.1) 
if 5 = D 2 or if S = SQ* a A(0, n) can be constructed by plumbing A(0, n) to 
a basket So along a proper arc a C D 2 C So, IS, U; a fundamental theorem 
of Gabai M, p[ implies that a basket is a fiber surface iff it is Hopf-plumbed. 
A Seifert surface S is arborescent (see §[4.2|) if S = D 2 , or if S = A{0, n), or if 



S = Sq*q,A(0, n) can be constructed by plumbing A(0, n) to an arborescent 
Seifert surface Sq along a transverse arc a of an annulus plumband of Sq, 



21,9; an arborescent Seifert surface is a basket (Proposition 4.2.1). 



In §5.1, I define the *J '-generators of a braid group corresponding to a 
tree Tc C. Call 7 an espalier if each edge e of 7 is properly embedded in 
C_ := {z £ C : Imz < 0} and Re | e : e — > M is injective. For an espalier 
T, words b in the T-generators correspond nicely to 7-bandword surfaces 
S(b) Cl 3 cS 3 . (If J n is an espalier with an edge from p to p+ 1, 1 < p < n, 
then the J n -generators of B n are the standard generators a\, . . . , cr n -\, and 
S(b) is the output of Seifert's algorithm pO] applied to the closed braid 



diagram of b.) If b is homogeneous, then S(b) is a fiber surface, |2^, [L5], |lq| ; 
in particular S(b) is incompressible and connected. In §|(| I generalize (and 
make more precise) the fact that a homogeneous J n -bandword surface is 
Hopf-plumbed, and prove a converse. 
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Main Theorem. (1) If S is any H op f -plumbed basket (for instance, an 
arborescent fiber surface), then there is an espalier 7 and a homogeneous 
7-bandword b such that S is isotopic to S(b). (2) If 7 is any espalier, and 
b is a 7-bandword, then the following are equivalent: (A) b is homogeneous; 
(B) S(b) is a Hopf-plumbed basket; (C) S(b) is a fiber surface; (D) S(b) is 
incompressible and connected. 

General notations, definitions, and conventions are established in §|2|. A 
number of more or less well-known results about plumbing are collected in 
§^the exposition and notation there are adapted to the requirements of 

2. Preliminaries 

2.1. Miscellany. Both A := B and B =: A define A as meaning B. The 
symbol □ signals either the end or the omission of a proof. Projection on the 
ith factor of a cartesian product is denoted by pr,. For n G N := {0, 1, 2, . . . }, 
n := {1, . . . , n}. Let s, t, s', t' G R, s / t, s' / t'. Say {s, t} and {s f , t'} touch 
if card({s, t}Pi{s', t'}) = 1, and link (resp., unlink) iff they do not touch and 
the cross-ratio ((s — s')(t — t'))/((s — t')(s' — t)) is positive (resp., negative). 

2.2. Spaces. Spaces, maps, etc., are piecewise smooth. Isotopies are ambi- 
ent unless otherwise noted. That X is isotopic to Y is denoted X = Y, or by 
X =z Y if there is such an isotopy fixing Z pointwise. Manifolds may have 
boundary and are oriented unless otherwise noted; in particular, R, C n , and 
5 2n_1 C C n have standard orientations, as does R 3 which is identified with 
the complement of a point oo G S 3 . Identify C = R + ^/^TR D R with R 2 
and write Re (resp., Im) for pr x (resp., pr 2 ). Then also CxR is identified with 
R 3 . Write C_ := {w G C : Imw < 0} (resp., C+ := {w G C : Imw > 0}) for 
the closed lower (resp., upper) half-plane. 

If M is a manifold, then —M denotes M with its orientation reversed 
(and, where notation requires it, +M denotes M). For a suitable subset 
Q C M, Nm{Q) denotes a closed regular neighborhood of Q in (M,dM). 
For a suitable codimension-1 submanifold Q C M (resp., submanifold pair 
(Q,dQ) C (M,dM)), a collaring is an orientation-preserving embedding 
Q x [0, 1] -» M (resp., (Q,dQ) x [0, 1] (M, dM)) extending 1 Q = l Qx{0} ; 
a collar of Q in M (resp., of (Q,dQ) in (M,dM)) is the image col m(Q) 
(resp., col (m,8M) (Q>®Q)) °f a collaring. The push-off of Q determined by 
a collaring of Q or (Q, dQ), denoted by Q + , is the image by the collaring of 
Q x {1} with the orientation of Q; let Q~ := —Q + (so that Q and Q~ are 
oriented submanifolds of the boundary of coIm (Q)). 

An arc is a manifold diffeomorphic to [0,1]. An edge is an unoriented 
arc. A surface is a compact 2-manifold no component of which has empty 
boundary. An arc or edge a in a 2-manifold S is proper (resp., boundary) 
if da = a n (resp., a C 35). Given ordered index sets X, U, and an 
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ordered handle decomposition 

(2.2.1) S = (J hf U [J h$ 

of a surface S, write := \J x <=x hx\ := U ug[/ /i^; * s understood 
that if u < v then the attaching region hUPndSW is disjoint from h^ndS^. 
A core (resp., transverse) arc of a 1-handle is any proper arc k(/i (1) ) 
(resp., r(/i (1) )) which joins interior points of the two components of the 
attaching region of h {1) (resp., the complement in <9/i (1) of the attaching 
region of /i (1) ). 

2.3. Seifert surfaces. A Seifert surface is a surface ScS 3 . Let top(S') := 
col 53 (S), bot(5) := top(— S). A link L is the boundary of a Seifert surface. 
A knot is a connected link; a knot O which is the boundary of a disk D 2 C S 3 
is an unknot. If K is a knot, then A(K, n) denotes any Seifert surface A 
(necessarily an annulus) such that K C dA, A is a collar of K in A, and the 
linking number in S 3 of K and is n. Since clearly K~ = —K, so also 
A(K,n) = A{— K, n); further, — A(K,n) = A(K,n). A transverse arc of 
A(K, n) is any proper arc t(A(K, n)) C A(K, n) from K to K~; t(A(K, n)) 
is unique up to isotopy on A(K,n). 

2.4. Incompressible surfaces; fiber surfaces. Let S be a Seifert sur- 
face. Say that D 2 C S 5 is a top- compression disk for S", and call 5 top- 
compressible, if 9D 2 = D 2 nS, 9-D 2 bounds no disk on S, and D 2 ntop(S) = 
co\ D 2 (dD 2 ); a top-compression disk for S can always be taken to be dis- 
joint from Intbot(5). It is a well known consequence of the Loop Theorem 
that S is top-compressible iff tti(Sq) — ► vri(5 3 \ S) (induced by the inclusion 
5 + =— > 5" 3 \ 5 of a push-off) is not injective for some component 5o of S. 
Call 5 compressible if either S or —5 is top-compressible, and incompressible 
otherwise. (It can happen that exactly one of S, —S is top-compressible, 
cf. |J.) Call S a fiber surface (and dS a fibered link) if there is a fibration 
c/? : S 3 \ dS — ► 5 1 such that Int 5 = (/j _1 (l) and for all £ G 5 1 , the closure of 
</? _1 (C) is a surface with boundary dS. By j2^] and ||, S is a fiber surface 
iff S is connected and ni(S) — » vri(5 3 \ S 1 ) is bijective. Consequently, a fiber 
surface is incompressible, and A(K,n) is a fiber surface iff K = O, n = =pl. 

2.5. Trees. A tree is a finite, connected, acyclic 1-complex 7. Let V(T) 
(resp., V en d(T); E(T)) denote the set of 0-cells (resp., endpoints; 1-cells) of 
7. 

3. Plumbing 

This section is a systematic exposition of results about those Seifert sur- 
faces that can be constructed from some base Seifert surface (not necessarily 
a disk) by iterated plumbing of annuli. Although most (if not all) of the 
results are more or less well-known, there are a few I have not been able to 
find in the literature. 
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Figure 1. A neighborhood of C a on S; an annulus A(K, n) 
the top-plumbed Seifert surface S* a A(K,n). 



3.1. Top- and bottom-plumbing. Let a C S be a proper arc on a Seifert 
surface. Let C a := coLggg) (a, da). Then C Q is a 2-patch in the sense of 
[18 1, that is, a 2-cell naturally endowed with the structure of a 4-gon such 
that dC a is the union of two proper arcs in S (namely, a and a~) and 
two boundary arcs in S, say 7 a and j~, in the cyclic order a, j a , a~ , 
7~. Let D Q := col t op(S') (Ca) (so D a is a 3-cell "on top" of S, that is, the 
positive normal to S along C a = S D D Q C <9-D a points into -D Q ). Let 
j4(i^, n) C -D a be an annulus such that A(K, n) n 9-D a = C a , a C K, a~ C 
if". Then 7 a C A(if,n) is a proper arc, C a = <xA(A(K,n),dA(K,n)) (la,d~f a ) 
is a 2-patch on A(K,n), and the union S* U A(K,n) =: S* * a A(K, n) is a 
Seifert surface. Say S * a A(K, n) is constructed by top-plumbing A(K,n) to 
S along a. Figure |l] illustrates this construction; Figure [2| illustrates bottom- 
plumbing A(K, n) to S along a, that is, the construction of S * a A(K, n) := 
— (— S * - a A(— K, n)) from a C S and A(K,n). In any case where the 
distinction between S * a A(K, n) and S * a A(K, n) can safely be suppressed 
(e.g., if they are isotopic; see 3~2|-3.3), each may be denoted by S* a A(K, n) 
and said simply to have been constructed by plumbing A(K, n) to S along a. 
Given S' := S* a A(K, n), call any transverse arc of A(K, n) which is disjoint 
from S a transverse arc of A(K,n) in S' , and denote it by r(A(K,n) C S'). 

It is useful to have some notations for iterated plumbing. Given proper 
arcs a.\ C So, ai C S\ := So * ai A{Ki,n\), . . . , C Sp-i, call 



(3.1.1) S» = (... (S * ai A{K u m) * a2 A(K 2 ,n 2 ) 



) (A(K 1 ,n 1 ),...,A(K ll ,n li )) 

an annulus So-presentation of Sn with plumbands A(K s ,n s ) and plumbing 
arcs a s ; further abbreviate the righthand side of fl3.1.l|) by So *s A(K, n) 
(where a := (ai,... ,a«), etc.). Call S annulus So-plumbed if it has an 
annulus So-presentation. 



Remark 3.1.1. The notation (3.1.1) does not indicate the type (top or bot- 
tom) of each plumbing. In cases where all plumbings are of one type, more 
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Figure 2. Bottom-plumbing A(K,n) to S along a. 



specific notations So * ( ai) _ jaii )(A(Ki,ni), A(K^, (or S * a A(K, n)) 
and S *( ai a \(A(Ki,ni), . . . , A(K^n^)) (or S * s A(K, ft)) may be used. 



Historical note 3.1.2. Top-plumbing is a special case of Stallings plumb- 
ing |22|] (equivalently, Murasugi sum Q ) , in the general case of which Seifert 
surfaces Si, S2 (possibly neither an annulus) are attached along a A^-patch 
and a A;2-patch (possibly with ki > 2). The special case of annulus D 2 - 
plumbing in which all plumbands are unknotted is also a special case of 
arborescent plumbing ^T], [9| (see § f4,2[ ) , which in general also admits un- 
knotted Mobius bands as plumbands (of course "top" has no global meaning 
where unoriented, possibly nonorientable, surfaces are involved). 

3.2. Coincidences among isotopy classes of plumbed surfaces. Up 

to isotopy in S 3 , S* a A(K, n) depends only on S, a (up to isotopy on 
S), K, n, and the orientations of S, a, and K. In all cases S* a A(K,n) = 
S* - a A(—K, n). In many cases, no two of the Seifert surfaces S* a A(K, n), 
S* a A(K, n), S* - Q A(K, n), and S *_ a A(K,n) are isotopic, though each 
is the union of oriented submanifolds S and A(K,n) intersecting in C a : 
if the knot K is not reversible (i.e., K ^ — K), then S* a A(K,n) and 
S* a A(—K, n) may not be isotopic; and if neither S nor A(K, n) 7^ A(0, ^pl) 
is a fiber surface, then S* a A(K, n) and S* a A(K, n) may not be isotopic. 
However, various systematic coincidences are worth noting. Let S be a 
Seifert surface, a C S a proper arc. 

Lemma 3.2.1. S* a A(0, =Fl) ^ S* a A(0, =Fl). 

Proof. This is a well-known consequence of general facts about geometric 
monodromies of fibered links (see, e.g., [f[^]). It is also easily seen directly 
(Figure |). □ 

Scholium 3.2.2. If S is a fiber surface, then S * a A{K , n) = S * a A(K,n). 



Proof. This follows from the same generalities as |3.2.1 



□ 
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Figure 3. Indifference of Hopf annuli to "top" and "bot- 
tom": an isotopy from S * a A(0, — 1) to S * a A(0, —1). 




Figure 4. S^A(K,n) = S* a A(K,n) 




Figure 5. A Murasugi sum S*A(K, n) along a 3-patch, and 
an isotopic top-plumbing S * a A(K, n). 

Lemma 3.2.3. If a is boundary- compressible (i.e., there is 2-disk D C S 
with a C 3D, 3D \ Into C dS), then for any A(K,n), S* a A(K,n) = 
S* a A(K,n). 

Proof. Each is a boundary-connected sum SkA(K, n) along dD \ Int a and 
an arc of K C dA(K, n) (Figure |). □ 

Lemma 3.2.4. Any Murasugi sum of S with an annulus A(K,n) (not nec- 
essarily along 2-patches) is isotopic to S* a A(K, n) for an appropriate a. □ 
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Figure 6. Disjoint 3-balls B' and B" enclose S' and S"; 
there is no obstruction to pulling A(Kq, no) around from front 
to back. 

Proof. This is a consequence of the paucity of distinct isotopy classes of k- 
patches on an annulus. The example in Figure || adequately suggests the 
general proof. □ 

Lemma 3.2.5. Let 7 C S be a proper arc such that S = S'k-yS". If 
S := S*^A(K ,n ), S := S * 7 A(K , n ), := S* ci A(K,n), then 
So*aA(K,n) and <S *<3 A(K ,ft) are well-defined, and So *d A(K, n) 
S *$A(K,ft). 

Proof. All the plumbing arcs a s miss A(Kq,uo) \ S, so So *d A(K ,n) and 
S_ *5 A(K, ft) are well-defined. Figure || illustrates the required isotopy. □ 



Corollary 3.2.6. For any 7, a, A(Ko,no), and A(a,n), 

{D 2 * 7 A(if 7 , n 7 )) * a A(£, n) ^ D 2 (D 2 * A(K, n)) *$A(K, ft) 



□ 



Scholium 3.2.7. There exists a non-ambient isotopy in (D 4 ,S 3 ) of the 
pairs (S* a A(K,n),d(S* a A(K,n))) and (5 * a A(K,n),d(S * a A(K,n))); 
in particular, d(S* a A(K,n)) = d(S * a A(K,n)). 

Proof. Figure [/]. □ 

3.3. Commuting plumbings. Let S be a Seifert surface, 0:1,02 C S 
proper arcs. 

Lemma 3.3.1. For all K\,K 2 ,n\, andn 2 , 

(S* ai A(K 1 ,n 1 ))* Q2 A{K 2 ,n 2 ) = (S * Q2 A(K 2 , n 2 )) * ai A(K X , n x ). 
Proof. Clear, since (if minimal care is taken) Inttop(5)nIntbot(5) = 0. □ 

Lemma 3.3.2. If \n\\ = 1 = \n 2 \, then 

S* {ai:a2) (A(0, ni ),A(0,n 2 )) ^ S * {a2tai) (A(0,n 2 ), A(0,m)). 
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Figure 7. An isotopy from d(S * a A(K, n)) to 
d(S* a A(K, n)), pushing d(A{K,n)\ S) through A(K, n)f]S. 



Proof. Immediate from 3.2.1 and 3.3.1 



□ 



Lemma 3.3.3. If oi\ n a 2 = 0, then for all K\, K 2 , ri\, and n 2 , 

S*( ai ,a 2 )(A(K uni ),A(K 2 ,n 2 )) ^ S * {a ^ ai) (A(K 2 , n 2 ), A{K X , m)). 

Proof. If (without loss of generality) C ai and C a2 are taken to be disjoint, 
then in fact the two surfaces can be taken to be identical. □ 

Scholium 3.3.4. If ai,a 2 C S intersect transversely in a single point P, 
and D C S is a 3-gon such that dDndS is an arc and dDPia s is an arc with 
endpoint P, then there is a proper arc 03 C S intersecting each of a\,a 2 
transversely in the single point P, such that, for any A(K,n), 

S * {aua2) (A(K, n),A(0, 1)) = S * {a2<a3) (A(0, 1), A(K, n)), 

S * (a2<ai) (A(0, -l),A(K, n)) = S * {a3<a2) (A(K, n), A(0, -1)). 
Proof. The first case is illustrated in Figure ^; the second case is similar. □ 

3.4. Annulus-plumbed and Hopf-plumbed Seifert surfaces. An an- 

nulus D 2 -plumbed Seifert surface will be called simply annulus-plumbed. 



By |3.2.4j , any Seifert surface which can be constructed from D 2 by iter- 
ated Murasugi sums with annuli is in fact annulus-plumbed. A Hopf So- 
presentation is an annulus So-presentation ( |3.1.lD such that each plumband 
is a Hopf annulus A(0,=Fl). A Hopf D 2 -plumbed Seifert surface is called 
simply Hopf-plumbed. 

Proposition 3.4.1. If S has an annulus S^-presentation fl3.1,l|) , then S is 
a fiber surface iff Sq is a fiber surface and (|3.1.1|) is a Hopf So-presentation. 
In particular, an annulus-plumbed surface is a fiber surface iff it is Hopf- 
plumbed. 



Proof. Given that an annulus is a fiber surface iff it is a Hopf annulus (2.4), 
the proposition follows immediately from Gabai's theorem || that a Mura- 
sugi sum of two Seifert surfaces is a fiber surface iff both summands are fiber 
surfaces. □ 



HOPF PLUMBING AND HOMOGENEOUS BRAIDS 



9 




Figure 8. One attaching region of the 1-handle A(K,n) \ 
Int S slides off dS, over the 1-handle A(0, l)\Int S, and back 
to dS. 



4. Basketry and arborescence 

4.1. Baskets. A basket So -presentation is an annulus So-presentation ( |3.1.1| ) 
such that each K s = O s is an unknot and each plumbing arc a s is contained 
in Sq. A Seifert surface with a basket Z) 2 -presentation is a basket. 

Proposition 4.1.1. A basket is a fiber surface iff it is Hopf-plumbed. 

Proof. Immediate from |3.4j. □ 



The failure of fl3,l.l|) to distinguish top from bottom is, in the case of 
baskets, alleviated by the following result. 

Proposition 4.1.2. Any basket is isotopic, by an isotopy fixing D 2 , to a 
basket with the same plumbing arcs and plumbands, in which each plumbing 
is a top-plumbing. 

Proof. For any Sq, if S has a basket /So-presentation with k bottom-plumbed 
plumbands and I top-plumbed plumbands, then (by |3.3.1| ) S has a basket 
So-presentation in which all bottom-plumbed plumbands precede all top- 
plumbed plumbands, i.e., S = (So*^,A(0',n'))*^iA(0",n"), where a' = 
(a[, . . . , a' k ), a" = (a", . . . , a"), and so on. 

If now Sq = D 2 (the basket case) , then induction on k (using |3.2.6| and 



3.3.1 ) completes the proof, and in fact establishes that S =d 2 D 2 * & A((D, n), 
where a = (a' k , a! k _ x , . . . , a'^a'l, . . . , a"), n = (n' k , n' k _ v . . . , n[,n'{, . . . , n"). 

□ 
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Figure 9. Pushing r{A(O t ,n t ) C S' t ) off A(O t ,n t ). 

4.2. Arborescent Seifert surfaces. An arborescent So-presentation is an 
annulus So-presentation ( |3.1.1| ) such that each K s = O s is an unknot and 
each plumbing arc a s with s > 1 is a transverse arc r(A(Ot,n t ) C St) for 
some t < s. A Seifert surface with an arborescent D 2 -presentation is simply 
called arborescent. 

Proposition 4.2.1. An arborescent Seifert surface is a basket. 

Proof. More generally and precisely, if S = So A(0, n) is an arbores- 
cent So-presentation with [i plumbands, then there are proper arcs a\ = 
ai,a' 2 , ■ ■■ ,a' C Sq such that S' := Sq A(0,n) =m^S, where (for suit- 
able transverse arcs and regular neighborhoods) := (So \ Ns Q (da\)) U 
Us= 2 NA{o s ,n s )(T(A(O s ,n s )cS)). 

The proof is by induction on fi. For fj, < 1, the assertion is trivial. Let S = 
(So*a A(0,n)) * a A(Ofj_,n^) be an arborescent So-presentation such that 
S^-i := So*^A(0,n) =A/ fl _ 1 5'^„ 1 := So*d' A(0,n) for appropriate proper 
arcs a' s C Sq. By assumption, C S^-i is a transverse arc r(A(Ot,n t ) C 
St) for some t < s, so also without loss of generality a M = r(A(Ot,nt) C S' t ). 
Figure |9] illustrates one of the two possible choices (up to isotopy on So) of 

< c s c s't c s;_ r □ 



Remarks 4.2.2. (1) Given S = D 2 A(0, n), an arborescent Z) 2 -present- 
ation of an arborescent Seifert surface S, it is easy to choose a! in |4.2.1| so 
that A 1 := \J a' s C D 2 is a tree such that, if v € V(A'), then card{e G E(A') : 
v £ de} £ {1,4} (for instance, if Int D 2 is identified with the real hyperbolic 
plane, then each a s can be taken to be a hyperbolic line together with its 
ideal endpoints on dD 2 ). There is a partial converse: if S = D 2 A(0,n) 
is a basket presentation such that A := [J a s C D 2 is a tree and each intrin- 
sic vertex of A' has valence exactly 4, then there is an arborescent surface 
S, having an arborescent presentation with the same plumbands as S, such 
that dS = dS (use [3.2.6 repeatedly). The situation is not merely reminis- 
cent of, but actually strictly analogous to, the duality between "resolution 
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trees" and "plumbing diagrams" in the theory of graph manifolds and res- 
olution of surface singularities (cf. ||, particularly the figures on p. 146). 
(2) Arborescent Seifert surfaces and their boundaries (there called special 
arborescent links) have also been studied, from a rather different point of 
view, in jjl9| ], 

5. Espaliers, braids, and T-bandword surfaces 

5.1. Espaliers. A tree embedded in C (as a stratified space, i.e., with all 
vertices — not just intrinsic vertices — distinguished) is planar. A planar tree 
7 is an espalier if each e G E(T) is a proper edge in C_ and Re | e : e — ► K 
is injective. 

Lemma 5.1.1. Every planar tree is isotopic to an espalier. 

Given espaliers 7 and 7', it is useful, though abusive, to write 7 = 7' 
when merely V(T) = V(T') and T is isotopic to 7' in C_. The embedding of 
an espalier in C_ is determined (up to isotopy in C_) by the combinatorial 
structure of T (i.e., the underlying abstract simplicial 1-complex) together 
with the order induced on V(T) by its embedding in M. In particular, given 
n real numbers x\ < ■ ■ ■ < x n and n — 1 pairs {x^, %j(p)} with 1 < i(p) < 
j(p) < n for 1 < p < n — 1, the following are equivalent: (a) there is 
an espalier T with V(T) = {x\, . . . , x n }, E(T) = {ei, . . . , e n _i}, and de p = 
{ x i(p), x j(p)}i (b) for 1 < p < g < n-l the pairs (x i(p) ,x j(p) ) and {x i{q) , x j{q) ) 
do not link (i.e., they either touch or unlink). For X = {x\, . . . ,x n } C M, 
xi < ■ ■ ■ < x n , let Jx (resp., ^x) denote any espalier T with V(T) = X and 
{de : e G E(T)} = {{x p ,x p+ i} : 1 < p < n} (resp., {{xi,x p } : 1 < p < n}). 
Among the combinatorial types of trees with X as the set of 0-cells, 3x arid 
represent two extreme types, viz., linear (minimal number of endpoints) 
and star-like (maximal number of endpoints), respectively; further, among 
the linear (resp., star-like) espaliers, Jx (resp., ^x) is again extreme, in a 
sense the reader may formalize (for )jx, see |6.1.l] ). 

5.2. Braid groups; bands. For n £ N, let E n denote the configuration 
space 

{{wi, . . .,w n } CC:0 / TT - wj} 

of unordered ra-tuples of distinct complex numbers. The quotient map of 
the natural action of § n := Aut(n) on 

{( Wl , . . . , w n ) G C n : + TT Wi - Wj } C C n = C n 

induces a topology, smooth structure, and orientation on E n , cf. |13| . For 
any basepoint X G E n , the fundamental group Bx '■= iri(E n ;X) is an n- 
string braid group. Of course, an n-string braid group is isomorphic to the 
standard n-string braid group B n := B n , but it is very convenient to allow 
more general basepoints. Denote by ox the identity of Bx- 
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The map {w\,W2~} > (w\ + w%, (wi — W2) 2 ) is an orientation-preserving 
diffeomorphism E2 — > C x (C \ {0}); it follows that, for any edge e C C, the 
2-string braid group Bg e is infinite cyclic with a preferred generator, say a e , 
which of course depends only on de. For n > 2, if X G E n and Ifle = Se, 
then there is a natural injection i e; x : Bg e — * Bx, which depends only on 
the isotopy class of e (rel. de) in C \ (X \ e). A positive X-band is any 
element a e -x '■= i'e-,x{o'e) G Bx- (When X is understood, or irrelevant, 
a e -x may be abusively abbreviated to a e .) Any two positive X-bands are 
conjugate in Bx- The inverse of a positive X-band is a negative X-band. 
Write \cr e } x \ := a e ;X- 

In any group G, let [g, h] := ghg^h^ 1 (resp., g, h 3g>:= ghgh^ 1 g h ) 
denote the commutator (resp., the yangbaxter) of g,h G G. 

Lemma 5.2.1. Let X G £7 n . Lei e, f C C 6e too edges withXDe = de,XP\ 
f = <9f . 7/ e n f = (resp., e n f = {x} C <9e n <9f), i/ien [<7 e; x> °~f;x] = °x 

(resp., «<ae:X,fff;Jf»=Ol)- 

Proof. Geometrically obvious (trivially so for the commutator, slightly less 
trivially for the yangbaxter). □ 

Corollary 5.2.2. Let T C C be a planar tree. The positive \/(7)-bands 
a e-y(T)> e ^ E(T), generate Bv(0V V e ^^ = (resp., eflf = G V(T)) ; 

i/ien [cr e;V (r),o- f .v(a)] = o V (r) (resp., «So- e ;V(T),o-f;V(r)^ = °v(T))- □ 

Call the V(T)-bands o" e ;V(T)> e G E(T), the 7 -generators of -Bv(T)- 



gp a e ,e G E(T) 



Remark 5.2.3. Corollary 5.2.2 asserts that the braid group -Bv(o) is a 
quotient of 

[o" e , <7f] if e n f = 0, 
«So- e ,cr f ^ ifenf = {z} 

it does not assert that these groups are identical, and in fact they are easily 
seen to be so iff 7 is linear. 

5.3. Embedded band representations and T-bandwords. Let Id 

be finite. If e C C_ is a proper edge with de = {p, q} C X, then a e -x G Bx 
depends only on {p, q}; write a v ,q,x '■= o~ e -x and call g^\-x an embedded 
X-band. If X' C X, then there is a well-defined injective homomorphism 
t-x'-,x ■ B x > ->■ B x such that ix';x(^ P ,q;X') = a p,g;X for all p,q G X' with 
p ^ q; this justifies the notation o VA := o v ,q;X- 

Proposition 5.3.1. (1) If{p,q} and{r,s} unlink then a„ „a r ^ 
(2) Lfp<q<r then o- p>q a^ = op^<7p )9 . 



Proof. Immediate from 5.2.1, □ 



An embedded X-band representation is a word 6 =: (6(1), • • • , b(k)) such 
that each 6(s) is an embedded X-band; for k = 1 write 6 = 6(1) instead 
of 6 = (6(1)). The concatenation of b with 6' =: (&'(!), • • • , b'(£)) is b ^ 
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b' := (6(1), . . . , b(k), b'{l), b'(£)). The braid of b is (3(b) := 6(1) • • • b(k) G 
Bx- An embedded X-band representation of length k determines (and is 
determined by) a map (ir, jr, e?) : k — > X x X x {+, — } with < jr, such 

that 6(s) = a.Ks . , , „. Extend ix'-x to embedded band representations 
termwise. 

Let T be an espalier with V(T) = X, so the T-generators of Bx are 
embedded X-bands. A 7-bandword is an embedded X-band representation 
6 such that each \b(s)\ is a T-generator. Let 6 be a T-bandword. Say 6 
is e- strict if {s : \b(s)\ = a e ;x} 7^ 0, and strict if it is e-strict for every 
e G E(T). Say 6 is e-positive (resp., e-negative) if 6 is e-strict and £g|{s : 
|6(s)| = o~ e] x} is the constant + (resp., the constant — ); say 6 is positive 
(resp., homogeneous) if, for every e G E(T), 6 is e-positive (resp., either 
e-positive or e-negative). 

Remarks 5.3.2. (1) Embedded J n -band representations are "embedded 
band representations in B n " as defined in [13]. The J n -generator o~i i+i- n is 
the standard generator cij of B n = B n , and an J n -bandword is essentially 
a braid word in B n in the usual sense, [§, p. 70 ff.], [14]. The definitions 
of positive and homogeneous T-bandwords extend to an arbitrary espalier 



7 what is in effect the established usage for 7 = J n , cf. [|2|, |22|, |15|, |lq[ . 
(2) Of course the set of all Q) positive embedded J n -bands generates B n . 
In [Q], Birman, Ko, and Lee show that the group with these generators, and 
the relations given in 5.3. 1| , is in fact B n (rather than being strictly larger, 
cf. 5.2.3| ); they give interesting applications to algorithms for the word and 
conjugacy problems. 

5.4. Braided Seifert surfaces and T-bandword surfaces. A Seifert 
surface S C C x R is braided (resp., a 7-bandword surface) if S has a handle 
decom position (|2.2.1|) with X, U C R, satisfying |5.4.l| - |5.4.4| (resp., |5.4.1 
|U). 

5.4.1. SnC + xl = 5(°> and S n C_ x R = 5^. 



5.4.2. Re(/ii , ) = {x}, and 9/ix 0) H {x} x R is a single boundary arc of 
dhx^ on which dh^ induces the same orientation as that induced from the 
orientation of {x} x R C C x R. 



5.4.3. u G Int(pr 2 (/iu > )) C R, and the closed intervals pr 2 (/iu > ), u G f7, are 
pairwise disjoint. 



5.4.4. pr 2 : /i^ 1 ' — > R is Morse with exactly one (interior) critical 
point, of index 1 and critical value u, whence H C_ x {u} is the union 
of a transverse arc r(hu ) and a core arc ^(/lu 1 ') intersecting transversely at 
one point (the critical point). 
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Figure 10. A braided surface in C x R, embellished with 
normal vectors, core arcs, projections of the core arcs into 
C_ x {0}, and projections of the 1-handles into {0} x M. 



5.4.5. There is an espalier T with V(T) = X and pr^/e^)) £ E(T) for 
u e U. 



Given |5.4.lH5.4.4| (resp., |5.4.lH5.4.5[) , it is easy to extract an embed- 



ded X-band representation (resp., a T-bandword) 65: if U =: {u±, . . . , 
ui < ■■■ < u k , then set (% s (s), j$ s (s)} := 5pr 1 (K(/i^)) and £^ s (s) := ± 
if the positive normal vector to S at the critical point of pr 2 \h<ul is a posi- 
tive multiple of ±Z?pr 2 . Clearly, 65 = 65/ iff 5 and S' are isotopic through 
braided Seifert surfaces (resp., T-bandword surfaces), and every band repre- 
sentation (resp., T-bandword) is 65 for some braided Seifert surface (resp., 
T-bandword surface) S. Write S = S(b) when b = bg. Note that a T- 
bandword surface S = S(b) determines T iff S is connected iff b is strict. 



Figure 10 illustrates a braided surface S(b) with three 0-handles and 



four 1-handles, which evidently fails to satisfy 5.4.5| . Deletion of the first 



and third, or the second, or the fourth 1-handle from S(b), produces a T- 
bandword surface (for various espaliers T with V(T) = {x%, X2, X3}). 

For any braided Seifert surface S(b), the projection (Re, pr 2 )(S'(6) nC_ x 
M) C 1 x R becomes a braid diagram for (3{b) once it is embellished in the 
usual way with the correct crossings at its k doublepoints. It is only slightly 
abusive to conflate dS(b) with the closed braid @{b). (In fact, dS{b) and j3{b) 
have the same link type, and it is easy to choose a braid axis A C Int(C + ) xM 
and well-positioned 0-handles h$ C S(b) so that dS(b) actually is a closed 
braid.) 

Call a braided Seifert surface S standardized if X = n, U = k. Every 
isotopy class of braided Seifert surfaces has a standardized representative. 
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It is, however, convenient not to be limited to standardized braided Seifert 
surfaces. 

Remark 5.4.6. Every Seifert surface is isotopic to a braided Seifert surface 
[|l3| . Not every Seifert surface is isotopic to a T-bandword surface: e.g., it 
is easy to see that if 6 is a strict T-bandword then iti(S 3 \ S(b); *) is free. 

5.5. Elementary moves of braided and T-bandword surfaces. Given 
S = S(b) satisfying ^Xl| - [5A4i if $g := (Re, pr 2 )(Gg) C M x R is the 



projection of := (j x£X (/if nixR)U (j ueU ^htf ) C S(b) n (X x E U U x 
C_), then (<I>g, eg) is a charged fence diagram (with graph G*g), as described 
in |L7j and |L8j (where S(b) was denoted by S[i,j,e], with i = it and so on). 
Figure (adapted from |18[| , Figures 2 and 3) uses fence diagrams (with the 
charge on a wire indicated, where necessary, by a crook at its right end) to 
illustrate several elementary moves, each of which replaces a braided Seifert 
surface S(b) by an isotopic braided Seifert surface S(b') having a different 
standardization. These moves can also be described in the language and 
notation of embedded X-band representations, as follows. 

5.5.1. Let p e X, q £ X' := X \ {p}. Let b ,b[ be embedded X'-band 
representations, a := b' Q ^ b[. Say b := Lx';x(b'o) ^ a P q-x ^ L X';x(b'i) is 
obtained from b' by an inflation of sign ±, and that b' is obtained from b 
by a deflation. Algebraically, (3{b) is obtained from (3{b') by an insignificant 
generalization of that "Markov move" |2[ which increases braid index by 1. 

5.5.2. Let p,q,r,s £ X =: X' be such that {p, q} and {r, s} unlink. Let 
b(j,bi be embedded AT-band representations. Say b' := bo ^ i a p^i ^n) ^ 
b\ is obtained from b := bo ^ (cr^ 1 , cr^ 1 ) ^ 6i by a s%>. Algebraically, /3(6) 
is obtained from /?(&') by an application of |5.2.1 (1), 



5.5.3. Let p,q,r £ X =: X' be such that p < q < r. Let 6o, &i be embedded 
A-band representations. (A) Say that a := bo ^ (a q ^ r ,a^) «-> 6i (resp., 

6' := 6o ^ (^gi "^) ^ b\) i s obtained from b := bo ^ ( a ^i a q,r) ^ b\ 
(resp., b := bo ^ (^qri a pr) ^ bl) by a straight slide up. Call the inverse to 
a straight slide up a 6en£ s/ide down. (B) Say a := &o ^ (^r^p,?) ^ &i 
(resp., b 1 :=t>o ^ {^l^q}-) ^ &i) is obtained from b :=bo ^ ( a p,qi a qr) ^ bl 
(resp., b :=bo ^ (°~q,r > a p,q) ^ ^l) by a straight slide down. Call the inverse 
to a straight slide down a 6en£ s/ide up. (C) Say £? := 6o ^ (cp,n °p^) ^ &l 
(resp., 6o ^ (°°pjr> 10 &i) * s obtained from bo ^ ( a q^ > a p,r) ^ b\ (resp., 
6o ^ (°p|g) "p'r) ^ ^i) by a doubly-bent slide up. Call the inverse to a doubly- 
bent slide up a doubly-bent slide down. Algebraically, in all these cases, /3(b) 
is obtained from (3(b') by an application of |5.2.1 (2). 
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Figure 11. (A) A deflation. (B) Two slips. (C) Two 
straight slides up. (D) Two straight slides down. (E) Two 
doubly-bent slides up. (F) A twirl. (G) A turn. 

5.5.4. Let x' > maxl, X' := X \ {min X} U {x'}. Define / : X -> X' by 
f(x) = x for x E JflX', /(min X) = x' . Let 6 be an embedded X-band rep- 
resentation. Define a by setting b'(s) = a^\ f( q yx' wnen K s ) = a ^pq-x- Say 
6' is obtained from b by a iwzrZ. Algebraically, the standardization of f3(b') 
(in -B card (x)) is obtained from the standardization of (5(b) by conjugation 
with cx„_icr n _2 •■■ax. 

5.5.5. Let b be an embedded X-band representation, X' = X. Say 5' := 
(b(k), 6(1), . . . , — 1)) is obtained from b by a torn. Algebraically, /?(&') is 
obtained from (3(b) by conjugation with the embedded band b(k). 

Proposition 5.5.6. Ifb' is obtained from an embedded X-band representa- 
tion b by an inflation, a deflation, slip, slide (straight, bent, or doubly-bent; 
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up or down), twirl, or turn, then b' is an embedded X' -representation, the 
closed braid f3(b') is isotopic to (3(b), and in fact the braided Seifert surface 
S(b') is isotopic to S(b). 

Proof. Certainly b' is an embedded X'-band representation. That (3(b') is 
isotopic to (3(b) follows, in light of the algebraic interpretations of |5,5.1| - 



5.5.5 , from (the easy direction of) Markov's Theorem |gj; of course it also 
follows from the final claim, about braided Seifert surfaces, which is es- 
tablished by observing that in each case the elementary move from b' to b 



corresponds to an elementary move, preserving |5. 4. 1 -5. 4. 4, on the ordered 



handle decomposition (2.2.1) of S(b). Specifically: an inflation (resp., a de- 
flation) corresponds to adjoining (resp., removing) a new 0-handle and a 
new 1-handle which attaches it to the rest of the surface; a slip corresponds 
to transposing the order in which two adjacent 1-handles are attached to 
four suitably placed 0-handles; the various slides are, precisely, handle slides 
of one 1-handle over another suitably placed 1-handle; and a twirl (resp., 
a turn) consists essentially of a cyclic reordering of the index sets of the 



0-handles (resp., the 1-handles) of ( 2.2.1 ). In turn, each of these moves on 



( |2.2.1| ) corresponds, in a standard way, to an isotopy from S(b) to S(b'). □ 



Remark 5.5.7. A more general notion of slide was introduced in (ll 
in the context of Seifert ribbons and their corresponding (not necessarily 
embedded) band representations. The straight, bent, and doubly-bent slides 
defined above are those which preserve embeddedness and so are suitable in 
the present context of Seifert surfaces. 



Historical note 5.5.8. It should have been mentioned in |T7]] or [18] that 
the first published appearance of fences (and certainly the first time I saw 
them) may well have been c. 1959, in one of Martin Gardner's "Mathematical 
Games" columns in Scientific American, reprinted as Chapter 2, "Group 
Theory and Braids" , of [|l0| . Gardner refers to them there as "vertical lines 
and shuttles" , and includes, as an application, a drinking game for computer 
programmers. 

5.6. Moves of espaliers; more isotopies of T-bandword surfaces. 

Let 7 be an espalier. Several elementary moves, with obvious similarities 
to the identically named moves on braided Seifert surfaces (or bandwords) 
described in may be applied to 7 to produce another espalier 7'. 

5.6.1. Let e G E(T) be such that q G 3enV end (7). Let V(T') := V(7)\{q}, 
E(T') := E(T) \ {e}. Say 7' is obtained from 7 by a deflation and that T is 
obtained from 7' by an inflation. 

5.6.2. Let e G E(7), de =: {p,q}, {e 0j ei, . . . , e r } := {e G E(7) : q G 
de}. There exist proper edges e^, . . . , e' r C C_ with de' s = de s \ {q} U {p}, 
s = l,...,r, such that, if V(T') := V(T), E(7') := E(7) \ {ei,...,e r } U 
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{e' l5 . . . , e' r }, then 7' is an espalier. If p < q (resp., q < p), then say 7' 
is obtained from T by a slide left (resp., a slide right) along eo, and — of 
course — that T is obtained from 7' by a slide right (resp., a slide left) along 
e . 

5.6.3. Let q > maxV(T). Let {ei,...,e r } := {e G E(T) : minV(T) G de}. 
There exist proper edges e[, . . . ,e' r C C_ with de' s = de s \{minV(T)}U{</}, 
s = l,...,r, such that, if V(T') := V(T), E(T') := E(T) \ {e x , . . . , e r } U 
{e^, . . . , e' r }, then 7' is an espalier. Say 7' is obtained from T by a twirl. 

Lemma 5.6.4. If a is obtained from a 7-bandword b by an inflation (resp., 
a deflation; a slip; a twirl; a turn), then b' is a 7' -bandword, where 7' is 
obtained from 7 by an inflation (resp., a deflation; doing nothing; a twirl; 
doing nothing). □ 



In contradistinction to 5.6.4, if b' is obtained from b by applying a slide 
(straight, bent, or doubly-bent; up or down), then (with trivial exceptions) 
the embedded V(T)-band representation b' is not a T'-bandword for any 
espalier 7', in particular not for any 7' produced from 7 by a slide. It 
is nevertheless the case that for certain T-bandwords b, if an appropriate 
sequence of two or more slides, with slips interspersed as necessary, is applied 
to b, then the result is a T'-bandword 6', where 7' is produced from 7 by a 



slide. Figure |12| illustrates such a multiple slip-slide of bandword surfaces 



covering a slide of espaliers; on each side of the figure, the upper part is 



a fence diagram (Re, pr 2 )(G) (with slight distortions, as in Figure 11, to 
indicate charges)) derived from the graph G on the bandword surface, while 
the lower part is the espalier pr 1 (G). 

6. Proof of the Main Theorem 

6.1. Characterization of Hopf-plumbed baskets. Write 7 -< 7' in case 
7 and 7' are espaliers with V(T) = V(T') and either 

card(V cnd (T))<card(V end (T')) 

or 

card (V enc i (T)) = card (Vend (T')) and v < v. 

t>ev cnd (0} t>ev end (T') 

Let 7 be an espalier, b a T-bandword. Let T be an espalier, b a T-bandword. 



Recall the definition of from 5.1. The following lemma formalizes the 



assertion there that is the most extreme star-like espalier with X as the 
set of 0-cells. 

Lemma 6.1.1. 7 -< y V (T) iff ^ ^ Vv(CT) iff maxde ^ V cnd (T) for some 

eeE(T). □ 
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Figure 12. Above, partially charged fence diagrams for a 
T-bandword surface 5(6) and a T'-bandword surface S(b') 
isotopic to 5(6) by a slide up, a slip, and a slide down; below, 
7 and 1'. 



Lemma 6.1.2. If 7 ^ yv(T) anc ^ & *s homogeneous, then there exists 7' with 
7 -< T' and a homogeneous 7 -bandword b' with S(b') — S(b). 



Proof. By 6.1.1] , there exists eo £ E(T) such that v := maxcteo ^ V en d(T) 
and for all e 6 E(T) \ {eo}, if maxde = v, then minde < mincteo =: u. 
For x £ {u, v}, let (7 — eo) x denote the component of 7 \ Inteo which 
contains x. Clearly (T — eo) n and (T — eo) v are disjoint espaliers with 
E((T - e ) u ) U E((T - e )<,) = E(7) \ {e }, and [a f ,a g ] = o V (t) for all 
f G E((T - eo)„) and g E E((7 - e ) v ). 



In case b is <7 eo -positive, an appropriate sequence of turns ( 5.5.5 ) and slips 
( |5.5.2j ) converts b to a homogeneous T-bandword b" = d\ ^ c?2 ^ • • • ^ dg, 
where I > 1 and for 1 < s < £, d s = a eo ^ a s ^ c s with a s a (T — eo)«- 
bandword and c s a (T— eo) u -bandword; by [5.5.6| , 5(6") = 5(6). By the choice 
of eo, if f G E((T — e)„) and v £ df then either min<9f = v or min<9f < u, 
so a further sequence of slips and (straight and bent) slides down ( |5.5.3 ) 
converts b" to a homogeneous T'-bandword b', with 5(6') = 5(6) (again by 
5.5. 6| ), where 7' is produced from 7 by a slide right along eo- (Figure |i~3| 
illustrates such a move from 6 to 6', in the style of Figure |l^.) Now, if 
u € V end (T) (i.e., if (7 - e)„ = {«}), then V end (T') = V end (T) \ {u} U {v}, 
whereas if u V end (T) then V end (T') = V cnd (T) U{w}; so in any case 7 ~< 7'. 

In case 6 is o" eo -negative, the procedure is entirely similar, with d s = a s ^ 
c, ^ o~~ , and before; slides up take the place of slides down. The 

final products 6' and 7 are as in the first case; again 5(6') = 5(6) and 
7 -< 7. □ 
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Figure 13. Above, partially charged fence diagrams for an 
eo-positive T-bandword surface 5(6) and an eo-positive 7'- 
bandword surface S(b') isotopic to 5(6) by an inverse turn, 
six slips, and four slides down; below, T and 7'. 



Corollary 6.1.3. Ifbis homogeneous, then there is a homogeneous ^\/(T)- 
bandword b' with 5(6') 5(6). □ 

For any T-bandword a, let c(a) := ^ZeeE(cr) |card({s : \a(s)\ = a e }) — 2|. 

Lemma 6.1.4. If 7 = }$x and 6 is homogeneous, then for some X* there 
is a homogeneous ^ x* -bandword b* such that 5(6*) = S(b) and c(6*) = 0. 

Proof. Since b is strict, if c(6) > then either card({s : \b(s)\ = cr eo }) = 1 
for some eo G E$x), or card({s : \b(s)\ = <r eo }) > 3 for some eo G E(^x)- 
In either case, let v := maxdeo, u := mincteo = minX. 

In the first case, there is a deflation ( ggg ) of b to a homogeneous ]$x'~ 



bandword b' with c(6') = c(6)-l, where X' := by |X§ 5(6') = 5(6). 

In the second case, choose w G ]v, min(X n }v, oo[)[ and set X' := X U {u>}. 
If 6 is eo-positive, then 6 = 6q ^ cr eo ^ 6i 



eo 



63 where 



e'en = & uv does not appear in 6i or 62, and the sequence of moves 



6- 


-> 6 <- 


^ 0~ u ,v r 


> 61 ^ 


&u,v r 


N 0~v,w r 


N 6 2 ^ 


N cr U)V r 


N 63 




-> 6 - 


^ 0- U ,V r 


> 61 ^ 


0~v,w r 


0~u,w ' 


6 2 ' 


~* CT U)V ' 


^ 63 




-> 6 - 


^ 0~ u ,v r 


N 0~v,w 




^ 0~ u ,w ' 


> 6 2 < 


^ 0~u,v ' 


-63 




-> 6 - 


^ 0~u,w ' 


^ 0~u,v 


r,b X < 


^ 0~u,w ' 


"N 6 2 ' 


cr u ,v ' 


-6 3 : = 



by fXTj) 
by ( |5X3D 

by ( ggrg ) 



6' by (ggj ) 



converts 6 to a homogeneous y^'-bandword 6' with c(6') = c(6) — 1, and 
5(6') = 5(6) by [5.5.6 ; if 6 is eo-negative, a similar sequence of moves (an 
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inflation of sign — , a straight slide down, slips, and a straight slide up) has 
the same effect. Induction on c(b) completes the proof. □ 

Lemma 6.1.5. If7 = ^x, b is homogeneous, and c(b) = 0, then S(b) is a 
Hopf-plumbed basket with card(X) — 1 plumbands. 

Proof. Without loss of generality, take S(b) to be standardized, so that X = 
n and U = k. For t = 2, . . . , n, write u(t) := mxD.j~(t), v(t) := max^T (t), 

b b 

and let at be a proper arc in hf^ joining H dh^ to n 9/i^ 0) . 

Evidently U hf ] U ft/ 1 ^ U -^(o) (at) is a Hopf annulus A(Ot, f(t)), where 

ip(t) = —1 (resp., 1) if b is oi^-positive (resp., o~\ ^-negative), and S(b) is a 
Hopf-plumbed /i^ 0) -basket with plumbing arcs a 4 and plumbands A(O t , <p(t)). 

□ 

Theorem 6.1.6. (A) If 7 is an espalier and b is a homogeneous 7-bandword, 
then S(b) is a Hopf-plumbed basket. (B) If S is a Hopf-plumbed basket, then 
S is isotopic to S(b) for some espalier T and homogeneous 7-bandword b. 



Proof. (A) follows directly from 6.1.2 - 5.1.5 . The construction in the proof 



of |6.1.5| , run in reverse, proves a more precise formulation of (B): if S is 



a Hopf-plumbed basket with n — 1 plumbands, then S is isotopic to S(b), 
where b is a homogeneous y n -bandword with c(b) = 0. □ 

6.2. The rest of the Main Theorem. Again let 7 be an espalier, b a 7- 
bandword, and consider the handle decomposition ( [2.2.1 ) of S(b), satisfying 



5.4.lH5.4.5j with X = V(T). 



Lemma 6.2.1. Ifbis not strict, then S(b) is not connected. 

Proof. If e G E(T) and b is not e-strict, then the 0-handles h^ inde and 
^max(9e mus t ne m different components of S(b). □ 

Lemma 6.2.2. If X = 2, so 7 = ^2, and b is strict but not homogeneous, 
then both S(b) and —S(b) are top-compressible. 

Proof. Let b = {a\ , ■■■,o\ ), e(s) E {+,— }, be strict but not homo- 
geneous, so that k > 2 and there exists s with e(s) = — e(s + 1). If e(s) = + 
and e(s + 1) = — (resp., e(s) = — and e(s + 1) = +), then the union of 
K(hi r> ), —^(h^^), and suitable proper arcs on h^ and h 2 0) is the bound- 
ary of a top-compression disk for S(b) (resp., —S(b)); Figure ^ illustrates 
these two cases. Up to turns ( 5.5.5| ) (which do not change the isotopy type 



of S(b), 5.5.6| ), both cases occur, and so both S(b) and —S(b) are top- 



compressible. □ 
Let X en( i := V en d(T). Call e E E(T) a terminal edge of T if deHX cn( \ ^ 0. 
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Lemma 6.2.3. If 7 is arbitrary, and b is strict but not homogeneous, then 
S(b) is compressible. 

Proof. Let n = card(X). The case n = 1 is vacuous. The case n = 2 
follows from 3,2.2| , Suppose n > 2. There exists a terminal edge e of 7 
with ] minde,maxde[ nX = 0. Let X' := de, X" := X \ (X' \ X cnd (7)), 
U' :={ueU: pr 1 (K(/ i «)) = e}, U" := U\U', S' = \J xeX , U \J ueU , h£\ 
S" = \J xeX „ hf U U» eC/ » h&\ Clearly S' U S" = S(b) and S' n S" = h ( q °\ 
where de =: {p, q}, p £ X en d(7), q ^ X en d(T); further, if q = maxcte (resp., 
q = min<9e), then (for appropriate choices of collars) S' \ hf ^ C Inttop(5") 
and S" \ hf C Intbot(S') (resp., S' \ hf C Intbot(5") and S" \ hf C 
Inttop(S")). Each of S", S" is evidently a braided Seifert surface in its own 
right: more precisely, S' := S(lx'-x(c)) and S" := S(ix"-,x(d)), where c is an 
e-bandword and d is a (T— e) g -bandword. If b is strict but not homogeneous, 
then both c and d are strict, and at least one of c and d is not homogeneous. 

If c is not homogeneous, and q = max<9e (resp., q = min<9e), then (by 
3.2.1 ) there exists a top-compression disk for S' (resp., —S'), which can be 
taken to be disjoint from S", and therefore to be a top-compression disk for 
5(6) (resp., -S(b)). 

If c is homogeneous and d is inhomogeneous, then S' is a Hopf-plumbed 
basket (by |6.1.5| ) and S" is compressible (by induction on n). In fact, the 
proof of |6.1.4| is easily adapted to show that S(b) has a Hopf basket S"- 
presentation. By 3.2.1, if there exists a top-compression disk for S" (resp., 
—S"), then there exists such a disk which is disjoint from S' \ S", and is 
therefore also a top-compression disk for S(b) (resp., —S(b)). 

In any case, if b is strict but not homogeneous then S(b) is compressible. 

□ 



Theorem 6.2.4. The following are equivalent: (A) b is homogeneous; (B) 
S(b) is a Hopf-plumbed basket; (C) S(b) is a fiber surface; (D) S(b) is in- 
compressible and connected. 
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Proof. That (A) implies (B) is contained in Theorem |6[ It is a standard 
fact ([22, |ll], |l2|, ||]; |3.4| ) that any Hopf-plumbed surface is a fiber surface, so 
in particular (B) implies (C). It is likewise standard (|2^, 0; |2.4| ) that any 
fiber surface is incompressible and connected, so in particular (C) implies 
(D). Finally, by |BT2l| and fTTSj , not-(A) implies not-(D). □ 
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